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Abstract 

A set S of vertices of a graph G is a dominating set for G if every vertex outside of S is 
adjacent to at least one vertex belonging to S. The minimum cardinality of a dominating 
set for G is called the domination number of G. A map f : V —> {0,1,2} is a Roman 
dominating function on a graph G if for every vertex v with f(v) = 0, there exists a vertex 
u, adjacent to v, such that f(u) = 2. The weight of a Roman dominating function is given 
by fiy) — Y2ueV f( u )- The minimum weight of a Roman dominating function on G is 
called the Roman domination number of G. In this article we study the Roman domination 
number of Cartesian product graphs and strong product graphs. More precisely, we study the 
relationships between the Roman domination number of product graphs and the (Roman) 
domination number of the factors. 

Keywords: Domination number; Roman domination number; Cartesian product graphs; strong 
product graphs. 
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1 Introduction 

Nowadays the study of the behavior of several graph parameters in product graphs have become an 
interesting topic of research [TQl [TT] . For instance, we emphasize the Shannon capacity of a graph 
|12j . which is a certain limiting value involving the vertex independence number of strong product 
powers of a graph, and the Hedetniemi's coloring conjecture for the categorical product [8j ITT] , 
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which states that the chromatic number of any categorial product graph is equal to the minimum 
value between the chromatic numbers of its factors. Also, one of the oldest open problems on 
domination in graphs is related with Cartesian product graphs. The problem was presented first 
by Vizing in 1963 [H]. Vizing's conjecture states that the domination number of any Cartesian 
product graph is greater than or equal to the product of the domination numbers of its factors. 

Vizing's conjecture has become one of the most interesting problems on domination in graphs, 
which has led to develop some other kind of Vizing-like results for several parameters, even not 
related with standard domination. Many works have been developed in this sense and the con- 
jecture has been proved for several families of graphs. The surveys [TJ [6] contain almost all the 
results obtained around the conjecture. Also, in these surveys appear some references to simi- 
lar open problems on product graphs. Nevertheless, the quantity of works about the conjecture 
have not been enough to finally prove or disprove it. One variant of domination is the concept 
of Roman domination introduced first by Steward in [13] and studied further by other authors 
[31 HI El IHJ HE] . In this article we obtain Vizing-like results for the Roman domination number of 
Cartesian product graphs and strong product graphs. 

We begin by establishing the principal terminology and notation which we will use throughout 
the article. Hereafter G = (V, E) denotes a finite simple graph. For two adjacent vertices u and v 
of G we use the notation u ~ v and, in this case, we say that uv is an edge of G, i.e., uv £ E. For 
a vertex v of G, N(v) — {u £ V : u ~ v } denotes the set of neighbors that v has in G. N(v) is 
called the open neighborhood of v and the close neighborhood of v is defined as N[v] = N(v) U {v}. 
For a set D C V, the open neighborhood is N(D) = U v& dN(v) and the closed neighborhood is 
N[D] = N(D) U D. A set D is a dominating set if N[D] = V. The domination number 7(G) is 
the minimum cardinality of a dominating set in G. We say that a set S is a 7(G)-set if it is a 
dominating set and \S\ = 7(G). 

A map / : V — > {0, 1, 2} is a Roman dominating function for a graph G if for every vertex 
v with f(v) = 0, there exists a vertex u £ N(v) such that f(u) = 2. The weight of a Roman 
dominating function is given by /(V) = ^2 ueV f(u). The minimum weight of a Roman dominating 
function on G is called the Roman domination number of G and it is denoted by jr(G). 

Any Roman dominating function / on a graph G induces three sets B , Bi,B 2 , where Bi = 
{v £ V : f(v) = i}. Thus, we will write / = (Bq, B\, B2). It is clear that for any Roman 
dominating function / = (Bo, B\, B2) on a graph G = (V,E) of order n we have that f(V) = 
Yliu&v f( u ) = 2I-B2I + and |Bo| + \Bi\ + \B 2 \ = n. We say that a function / = (Bo, B±, B 2 ) is 
a 7ij(G)-function if it is a Roman domination function and f(V) = 7r(G). 

Several results about the Roman dominating sets have been obtained in the last years, [31 HI 
El El EE31 EES] , and it is natural to try to relate the Roman domination number with the standard 
domination number. For instance, in [31 E] was obtained the following result, which we will use as 
a tool in this article. 

Lemma 1. [31 [9] For any graph G, 7(G) < j R (G) < 27(G). 

In this article we study the Roman domination number of Cartesian product graphs and 
strong product graphs. More precisely, we study the relationships between the Roman domination 
number of product graphs and the domination number (Roman domination number) of the factors. 

We recall that given two graphs G and H with set of vertices V\ = {y\, v 2 , v ni } and 
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V 2 = {u%, u 2 , u n2 }, respectively, the Cartesian product of G and H is the graph GDH = (V, E), 
where V = V\ x V 2 and two vertices (vi,Uj) and (vk,ui) are adjacent in GOH if and only if 

• Vi — Vf. and Uj ~ «/, or 

• Vi ~ Vk and Uj = U[. 

The strong product G Kl H of the graphs G and if is defined on the Cartesian product of the 
vertex sets of the factors. Two distinct vertices (vi,Uj) and (vk,ui) of G Kl H being adjacent with 
respect to the strong product if and only if 

• vi = Vk and Uj ~ «/, or 

• v% ~ t>/t and Mj = M/, or 

• Vi ~ Vk and Uj ~ t^. 

So, the Cartesian product graph G\3H is a subgraph of the strong product graph G Kl H . 



2 Cartesian product graphs 

Currently there are few known results on the Roman domination number of Cartesian product 
graphs. As far as we know, the only works on this topic are as follows. The Roman domination 
number of C^OC^k was studied in [16] and the Roman domination number of some grid graphs 
was studied in [31 0]. Also, the following general relationship between the Roman domination 
number of Cartesian product graphs and the domination number of its factors was obtained in 
[15]: 

lR {GUH) > i(Gh(H). (1) 
The following lemma will be helpful in obtaining the results reported here. 

Lemma 2. Let G be a graph. For any 7_r(G) -function f = (Bq, B\, B 2 ) , 

(i) \B 2 \ < 7 fl(G)-7(G9. 

(ii) \B l \>2 1 {G)- lR {G). 

Proof. Since B 2 U B\ is a dominating set for G and B\ fl B 2 = 0, we have 7(G) < |i?2| + 

So, (i) is deduced as 7(G) = 2\B 2 \ + \Bx\ — \B 2 \ = Jr(G) — \B 2 \, and (ii) is obtained as 27(G) < 

2\B 2 \ + 2\Bi\ = 2\B 2 \ + + 1^1 = lR {G) + l^. □ 

Theorem 3. For any graphs G and H , 
2j{G) lR (H) 



(i) j R (GBH) > 

(ii) lR {GUH) > 



3 

7(G) 7K (i?)+7(Gni?) 
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Proof. Let V\ and V 2 be the vertex sets of G and H, respectively. Let / = (B ,Bi,B 2 ) be a 
7^(GDiJ)-function. Let S = {u±, u 2 , u-y(G)} be a dominating set for G. Let {A 1 , A 2 , ■ ^ 7 (G)} 
be a vertex partition of G such that Ui G A, and Aj C iVf-UjJ]]. Let {III, n 2 , n 7 ( G )} be a vertex 
partition of G\3H, such that IL = Aj x V 2 for every z G {1, ...,7(6?)}. 

For every i G {1, 7(G)}, let fa : V 2 — > {0, 1, 2} be a function such that fi(v) = max{/(«, v) : 
M G Ai}. For every j G {0, 1,2}, let Xf = {v G V 2 : /<(«) = j}. Now, let F (i) C such that 

for every v G F o (0 , JV(u) n X^ = 0. Hence, we have that // = - Y (i) ,X^ + Y^,xf) is a 
Roman dominating function on H. Thus, 

lR {H)<2\X®\ + \X?\ + \Y®\ 

< 2\b 2 n + \b x nn. t | + |r (i) |. 

Hence, 

7fl(GOfT) = 2\B 2 \ + \Bx\ 

7(G) 

= ^(2| J B 2 nn i | + | J B 1 nn i |) 

7(G) 

>E(^)-i y o w i) 

i=l 

7(G) 

= 7 (G97*(#)-El y o W l- 

i=l 

So, 

7(G) 

E l*o W l > 7(G)7h(^) - MGDH). (2) 
i=i 

Now, for every v G V 2 , let Z w G {0, 1} 7 ( G ) be a binary vector associated to v as follows: = 1 if 
v G Yq and = if v Yq. So, t v = \\Z V \\ 2 counts the number of components of Z v equal to 
one. Hence, 

7(G) 

E^ = Ei y o w i- (3) 

vev 2 i=i 

Notice that, if = 1 and u G Ai, then vertex (it, t> ) belongs to B . Moreover, (u, v) is not 
adjacent to vertices of B 2 D 11$. So, since _B is dominated by B 2 , there exists u' <E X v = {x <E Vi : 
(x,v) G -E> 2 } which is adjacent to u. Hence, S v = (S — {ui G S : = 1}) U X.„ is a dominating 
set for G. 

Notice that this partition always exists, and it could be not unique. 
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Now, if t v > \X V \, then we have 

\Sv\ = 1*5*1 t v + \X V \ 
= 1 (G)-t v + \X v \ 
< 7(G) -t v + t v 
= 7(G), 

which is a contradiction. So, we have t v < \X V \ and we obtain 

^t v < J2\ X v\ = \B2\, (4) 

which leads to, 

2Y,tv<2\B 2 \ + \B l \= lR {GUH). (5) 

vev 2 

Thus, by (T5]), (J3]) and ([5]) we deduce 

7a (GOfi) > l(Gh R (H) - ^ G ° H \ 

and, as a consequence, (i) follows. 

Now, By Lemma [2] (i) and (j3J) we have 

J] *« < |S 2 | < 7*(GO#) - ^(GUH). (6) 

Thus, by ©, © and © we obtain (ii). □ 

Lemma [T]and Theorem [3] lead to the following result. 
Corollary 4. For any graphs G and H, 
lR (G) lR (H) 



(i) lR {GUH) > 



(ii) 7 (GOf) > 



3 

l{G)l R {H) 



Note that if there exists a graph that satisfies the above equalities, then Vizing's conjecture 
is false. 

The following inequality related to Vizing's conjecture was obtained in [2]: 

7(GD „) > imm. (7) 

As the following Remark shows, if ^ R (H) > ^ , then Corollary H] (ii) leads to a result which 
improves the above inequality. 
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Remark 5. Let G and H be two graphs. If ^^{H) > 37 ^ g - > , then 

A graph if is a Roman graph if 7#(i?) = 2 r y(H). Roman graphs were introduced in [3] where 
the authors presented some classes of Roman graphs and they proposed some open problems. 
Theorem [3] (i) leads to the following result. 

Corollary 6. For any graph G and any Roman graph H, 

(i) lR (GUH) > iy(G)7(if). 

(ii) 7 (GD#) > ^(GMH). 

Let $ be the class of all graphs having a dominating set S = {ui, u 2 , Uj(g)} such that 
N[v,i] fl iVfuj] = 0, for every i,j G {1, ...,7(G)}, i 7^ j. In this case the set S is called an efficient 
dominating set. Notice that $ is the family of all graphs having a perfect co Examples of graphs 
belonging to $ are the path graphs P n , the cycle graphs C 3 k and the cube graph Q 3 = K 2 DK 2 DK 2 . 
Examples of Roman graphs belonging to $ are C 3 k, P^k, -P3/C+2 and Q 3 . Note that P 3 k+i G # but 
P 3 fc+i are not Roman paths, while C 3 k+ 2 are Roman cycles but C 3 k+ 2 & $■ 

A 2-packing of a graph G is a set of vertices in G that are pair-wise at distance more than two. 
The 2-packing number P 2 (G) of a graph G is the size of a largest 2-packing in G. The 2-packing 
number is a graph invariant closely related to the domination number. In fact, it is well known 
that P 2 (G) < 7(G), cf. [TUHI]. 

Let G G Since every efficient dominating set S = {u±, u 2 , u 7 (g)} is a 2-packing, we have 
7(G) < P 2 {G). So, we conclude that if G G then ^(G) = 7(G) (The converse is not true). 
We recall that if P 2 (G) = 7(G), then Vizing's conjecture holds for G [11]. As a consequence, by 
Theorem [3] (ii) we deduce the following result which improves the inequality ([ID when G 6 J 

Corollary 7. Let G and H be two graphs. If G G then 

lR (GUH) > I max {7(G) ( lR (H) + 7(F)) , 7 (#) ( 7 *(G) + 7(G))} . 
Theorem 8. Lei G and fre iwo graphs. If G G 5? #ien 

7fl(GDF) > 7(G)7/?(^)- 

Proof. Let Vi and V2 be the vertex sets of G and H, respectively. Let S = {ui, u 2 , m 7 (g)} be an 
efficient dominating set for G, i.e., {N[ui\, N[u 2 ], Nlu^^c)}} is a vertex partition of G and, as 
a consequence, {IT^, II2, ...,n^ G ^} is a vertex partition of GHH, where ITj = N[ui] x V 2 for every 
zG{l,..., 7 (G)}. 

Proceeding analogously to the proof of Theorem [31 we consider a j R (GOH )-function / = 
(Bo, Bi, B 2 ) and, for every i G {1, ...,7(G)}, we define the function : V 2 — > {0, 1,2} as f\(v) = 



2 Given a graph G — (V,E), a subset S C V is a perfect code if |JV[u] fl S\ = 1, for every ij G V. 
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max{/(u, v) : u G iV[«j]}. In addition, for every j G {0, 1, 2} we define Xj — {v G V 2 : /i(i>) = 

Now, if v G Xq\ then for every w G iV[itj] we have that (u, v) G -Bo- Hence, since Uj 
has no neighbors in Vi — iV[itj] and B 2 dominates B , there exists (ui,v') G -B 2 such that v' is 
adjacent to v. We conclude that every v G X% ] has a neighbor v' G and, as a consequence, 
/j = (Xq , Xi , X 2 ) is a Roman dominating function on H, for every i G {1, 7(G)}. Therefore, 
the result is deduced as follows: 

7h(GO#) = 2|fl 2 | + 

7(G) 

= ^(2|5 2 nn' t | + | J B 1 nn^|) 

i=l 
7(G) 

>£(2|X«| + |XP|) 

i=l 

□ 

An interesting consequence of Theorem [8] is the following result. 

Corollary 9. Let G and H be two graphs. If G G 5 & n d H is a Roman graph, then 

lR {GUH) > 2 T (G) 7 (if). 

Theorem 10. For any graphs G and H of order ri\ and n 2 , respectively, 

lR {GUH) < mm{n llR (H),n 2lR (G)}. 

Proof. Let f\ be a 7#(G)-function. Let / : V\ x V 2 — \ {0, 1, 2} be a function defined by f(u, v) = 
fi(u). If there exists a vertex (x, y) G V\ x V 2 such that f(x,y) = 0, then = 0. Since /1 is 

Roman, there exists u G Vi, adjacent to x, such that fi(u) = 2. Hence, we obtain that f(u,y) = 2 
and (x,y) is adjacent to (u,y). So, / is a Roman dominating function. Therefore, 

lR (GDH) < /("> 1? ) = EE ^ = E = ^7k(G). 

Analogously we obtain that "y R (GOH) < ni^ R (H) and the result follows. □ 

The above inequality is tight. It is achieved, for instance, for G = P n , a path graph of order 
n, and H = Si jr , a star graph with r > 2 leaves. In this case we have 7^(5*1^) = 2 = 27( 1 S l r ), 
7 (P B ) = [f 1 , 7 fl(P n ) = ^ if n = 1(3) and lR {P n ) = 2 [2 ] if n ^ 1(3). So, \ R {GUH) = 2n = 
ni R (H). 

Corollary 11. For any graphs G and H of order n\ and n 2 , respectively, 

lR (GUH) < 2mm{ nil (H),n 2l (G)}. 



7 



Lemma 12. [3] A graph G is Roman if and only if it has a 7_r(G) -function f = (Aq, A\, A 2 ) with 
\A X \ = 0. 

Theorem 13. Let G be a graph of order n and let H be a graph. 

(i) // G has at least one connected component of order greater than two, then 

lR (GUH) <(n + 1)7*0*0 " HH). 

(ii) If G is a Roman graph, then 

lR (GUH) < 2n ( lR (H) - j(H)) + 2 7 (G) (2 7 (F) - lR (H)) . 

Proof. Let fi = (A , A\, A 2 ) be a 7#(G)-function and let f 2 = (B , Bi, B 2 ) be 7#(F)-function. 
We define the map / : V\ x Vi — > {0, 1, 2} as follows. 

• f(u,v) = f 2 (v) for every (u,v) £ (A U A 2 ) x B x . 

• If (u, v) G A x Bi, then f(u,v) = 0. 

• If (u,v) e A 2 x 5i, then = 2. 

Since every vertex from Aq x B\ has a neighbor in A 2 x i?! and every vertex of V\ x 5 has a 
neighbor in Vi x B 2 , we have that / is a Roman dominating function on G\3H . Thus, 

lR {GUH) < n lR {H) - \M\Bi\ + I^H^I = n lR {H) - \B X \{\A Q \ - \A 2 \). (8) 

Since G has at least one connected component of order greater than two, it is satisfied that 
\M > \A 2 \ + 1 and, by Lemma [2] (ii), |-Bi|(|A | - \A 2 \) > 27(F) - i R (H). Therefore, by © we 
deduce (i). 

Now, if G is a Roman graph, then by Lemma fT2l there exists a 7*(G)-function / = (Aq, A\, A 2 ) 
with |^4i| = 0. Thus, \Aq\ + \A 2 \ = n and, as a consequence, \A \ — \A 2 \ = n — 27(G). Therefore, 
by (JED we deduce (ii): 

7«(GD#) < n 7fl (£r) - |Bi|(|^o| - \A 2 \) 

< n lR {H) - (2 7 (if) - lR {H)) (n - 2 7 (G)) 

= 2n (7«(F) - j(H)) + 2 7 (G) (2 7 (F) - 7*0ff)) • 

□ 

For any Roman graph H, Theorem [T3l leads to j R (GOH) < 2n / ~f(H). Now, for any non- 
Roman graph H we have / -f R (H) — 27(F) < —1 and, as a consequence, Theorem [131 leads to the 
following result. 

Corollary 14. Let G be a graph of order n and let H be a graph. If G has at least one connected 
component of order greater than two and H is not Roman, then 

lR {GUH) < n lR (H) - 1. 
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Proposition 15. [3] If G is a connected graph of order n, then 7_r(G) = 7(G) +1 if and only if 
there exists a vertex of G of degree n — 7(G). 

From Proposition [T5l and Theorem [131 we derive the following result. 

Proposition 16. If G is a graph of order n\ having at least one connected component of order 
greater than two and H is a connected graph of order n 2 having a vertex of degree n 2 —j(H), then 

lR {GUH) < m( 7 (#) + 1) " l(H) + 1. 

The above inequality is tight. For instance, if G is a path graph of order three and H is 
the star K X)3 with one of its edges subdivided, then we have j(H) = 2 and jn(GOH) = 8. So, 
Proposition [TBI leads to the exact value of jr(G\3H). 

Theorem 17. For any graphs G and H of order n\ and n 2 , respectively, 

lR {GUH) < 2 7 (G) T (ff) + (m - l(G))(n 2 - 1 (H)). 

Proof. Let Si be a 7 (G)-set and let S 2 be a 7 (if )-set. Let B 2 = S x x S 2 , B x = (Vi — Si) x (V 2 — S 2 ) 
and B = Sxx (V 2 - S 2 ) U (Vi - S x ) x S 2 . Since B 2 dominates B , the map / : V x X V 2 -> {0, 1, 2} 
defined by /(n, u) = z, for every (n, u) G -Bi, is a Roman function on G\3H. Therefore, the result 
is obtained as follows, 

j R (GDH) < 2\B 2 \ + \B ± \ 

= 2|S 1 || 1 S , 2| + |Vi-S' 1 ||y 2 -S 2 | 

= 2j(G)j(H) + (m - 7(G))(n 2 - 7 (ff)). 

□ 

We know that 7^(^+2) = 2 7 (P 3fe+2 ) = 2(A; + 1), 7i?(^3fc+i) = 2fc + 1 and 7(^+1) — k + 1. 
So, Theorem [T7] leads to 7^ (P 3 k+iOP 3k+2 ) < 6k 2 + 6k + 2, while by Theorem [TD] we only get 
lR (P 3k+1 DP 3k+2 ) <6k 2 + 7k + 2 and by TheoremUJwe only get lR {P 3k+2 UP 3k+1 ) < 6k 2 + 7k + l. 

From the above results we have that bounds on the Roman domination number and the 
domination number of the factor graphs lead to bounds on the Roman domination number of 

Cartesian product graphs. For example, it is well-known that for any graph G of order n and 

n 

maximum degree A it follows 7(G) > — — - , cf. 0. The following straightforward result allow 
us to derive several bounds on / ~f R (GC\H). 

Remark 18. For any graph G 6 J 0/ order n and minimum degree 5, 7(G) < As a conse- 
quence, for any 5-regular graph G G 5" it follows, 7(G) = j^. 

An example of result derived from the above remark, Theorem [8] and Theorem (TD], is the 
following one. 

Proposition 19. For any 5-regular graph GgJo/ order n, 

< lR {GUK 2 ) < 



5 + 1 ~ !ny ' ~ 5 + 1 
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3 Strong product graphs 

In this section we obtain some results on the Roman domination number of strong product graphs. 
To begin with, we recall the following well-known result, cf. [TT] . 

Theorem 20. [IT] For any graphs G and H , 

max{P 2 (G) 7 (^), 7 (G)P 2 (i/)} < j(G®H) < j(G)j(H). 

One immediate consequence of Theorem [JO is the following result. 

Corollary 21. For any graph Ge§ and any graph H , 7 (G M H) = 7 (G) 7 (if ). 

The next result follows from Lemma [1] and Theorem [201 

Corollary 22. For any graphs G and H, 

m a x{P 2 (G) 1 (H), 1 (G)P 2 (H)} < j R (GMH) < 2 1 {G)i{H). 

Theorem 23. Let fi = (A , Ai, A 2 ) be a 7j r(G) -function and let f 2 = (B , Bi, B 2 ) be a j non- 
function. Then, 

lR {G MH)< lR {G) lR {H) - 2\A 2 \\B 2 \. 

Proof. We define the function / on G M H as follows: 

f 2, (u, v) e (A x x B 2 ) U (A 2 x B,) U (A 2 x B 2 ), 
f(u,v) = < 1, (u,v) G A 1 x B 1: 
y 0, otherwise. 

Note that the set (A x B ) U (A x B 2 ) U (A 2 x B ) is dominated by A 2 x B 2 , the set A\ x B is 
dominated by A\ x B 2 , and Aq x I?i is dominated by A 2 x B\. Then we have that / is a Roman 
dominating function on G H . 
Therefore, 

1 R (GEH) < 2|A 2 ||S 2 | + 21^x11^21 +2|A 2 ||Si| + 

= 4|A 2 ||S 2 | +2|Ai||S 2 | + 2\A 2 \\B X \ + - 2\A 2 \\B 2 \ 

= 2\A 2 \(2\B 2 \ + |Bi|) + \A X \{2\B 2 \ + |Bi|) - 2\A 2 \\B 2 \ 
= {2\A 2 \ + |Ai|)(2|B 2 | + - 2\A 2 \\B 2 \ 
= j R (G) lR (H)-2\A 2 \\B 2 \. 

□ 

Now we present some interesting consequences of Theorem [231 
Corollary 24. For any non-empty graphs G and H , 7 _r(G Kl H) < , y R (G)'-f R (H) — 2. 



10 



The above inequality is achieved, for instance, if G and H are graphs of order ri\ and n 2 , 
containing a vertex of degree n\ — \ and n 2 — 1, respectively. In such a case, we have tr(GIXIB) < 
lR {G) lR {H) -2 = 2-2-2 = 2. 

In order to show one example where Corollary [2H leads to better result than Corollary [22] we 
take a graph G such that Jr(G) = 7(G) + 1 > 3 (see Proposition [15]). In this case Corollary [241 
leads to 7*(G H G) < (7(G)) 2 + 27(G), while Corollary [22] leads to 7r (G K G) < 2( 7 (G)) 2 . 

li H = P n 01 H = G n , then we have that for any 7#(B)-function / = (Bo, Bi, B 2 ), |B 2 | = [|J . 
Hence, Theorem [231 leads to the following result. 

Corollary 25. Let G be a non-empty graph. If H — P n or H = C n , then 

[ 2 -^1r(G) - 2 [J J , n = l(3) 
7ij(GKB) < ^ 

[ 2 ffl 7 h(G) - 2 Lf J , n^l(3). 

Every star graph G = Ai jr . satisfies the above equality for n ^ 2(3). In such a case we have 
7r (G„ K A\ r ) = 7/j (P n M Kx, r ) = 2 ff 1 ■ Note that C n M K 1>r and P n M A 1>r are Roman graphs 
for n ^ 2(3).' 

Theorem 26. Let G and H be two graphs. IfGe$, then -y R (G M H) > ^{G)^ R {H) 

Proof. Let V\ and V 2 be the vertex sets of G and H, respectively. Let S = {ui,u 2 , ...,u 7 (c)} be 
an efficient dominating set for G, i.e., {Nq[ui\, Nq[u2], Ng[u~,(g)]} is a vertex partition for G. 
Let {ili,n 2 , ...,II 7 (g)} be the vertex partition of G Kl H defined as IL = Na[ui] x V 2 , for every 

ze{l,.., 7 (G)}. 

Now, let / = (B ,Bx,B 2 ) be a 7_r(G Kl B)-function and, for every i G {1, ...,7(G)}, let the 
function /« : V2 -»■ {0, 1, 2} defined by = max{/(u, v) : («, u) G 11*}. Let {B^, B^, B?} 

such that B^ = G V 2 : = j} with j G {0, 1,2} and i G {1, ...,7(G)}. 

If there is a vertex y of B such that f^(y) = and A#-[y] n B 2 ^ = 0, then f(iii,y) = 
and (ui,y) is not adjacent to any vertex (a,b) oi GMH with f(a,b) = 2, a contradiction. Thus, 
jfW = (Bq\ P>i, B®) is a Roman dominating function on H for every i G {1, 7(G)}. As a 
consequence, 

7i? (GKB) = 2|B 2 | + |B 1 | 

7 (G) 

= ^(2|B 2 nn 4 | + |B 1 nn i |) 

i=l 
7(G) 

>£(2|B«| + |B«|) 

8=1 

7(G) 

= 7 (G) 7 i ? (B). 

Therefore, the proof is complete. □ 
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Cockayne et al. [3] gave some classes of Roman graphs and they posed the following question: 
Can you find other classes of Roman graphs? The next result is an answer to this question. 

Theorem 27. If G G $ and H is a Roman graph, then GM H is a Roman graph. 

Proof. If G G £ and H is Roman, then Theorem [26] leads to y R (G E H) > 2^{G)^{H). So, 
by Corollary |2"21 we obtain ^r(G Kl H) = 2 r )(G) r y(H). Hence, by Corollary |2"T1 we conclude the 
proof. □ 
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